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Abstract. Standard Peierls theory predicts that the wave-vector of the charge density wave
(CDW) induced by the electron-phonon coupling in the ground-state of a one-dimensional
conductor is twice the Fermi wave-vector 2kg. At moderately large electron—phonon coupling,
beyond the TBA (transition by breaking of analyticity), it is known that this CDW becomes an
array of interacting bipolarons. In the simplest models, such as the 1D adiabatic Helstein model,
the bipolaron interactions are repulsive and the ground state remains a 2kg CO'W of equidistant
bipolarons. We show that (apparently} minor changes in the phonon spectrum of the model
induce extra elastic forces between the bipolarons, which could break the bipolaronic 2kg CDW
ordering.

This effect is studied in detail in the modified 1D Holstein model, where the optical phonon
has a non-zero dispersion which is chosen positive in order that an extra force that appears
between the bipolarons be attractive, The Coutomb forces between the bipolarons are initially
neglected. An accurate numerical study modelled on the standard analysis of multiphase points
confirms that, in a large part of the phase diagram, the CDW ground state separates in two
phases, which correspond to two CDW with different 2kp wave-vectors (which are generally
commensurate) and thus different electronic densities. These separations, into phases called
either ‘parent’ or ‘non-parent’, are studied on the basis of the Farey construction of rational
numbers.

The long-range Coulomb interaction between the charged bipolarons, forbids any macroscopic
phase separation in two phases with different electronic densities. The bipolaron structure then
has to be a periodic sequence of alternate domains of the two CDW phases on the microscopic
scale. The resulting structure is a new CDW with a modulation wave-vector that is not 2kg.

We suggest that the aberrant wave-vector observed in the real CDW system {TaSes)al could
be interpreted along the ideas developed in this paper. Although this compound shares many
of the usual properties of quasi-one-dimensional conductors with CDW, the component of the
modulation wave-vector 0.085¢* in the chain directior is, unusually, quite different from the
value 2kg = ¢* expected from band filling. The CDW in (TaSes)z] could correspord to a non-
standard bipolaron ordering due to a strong attractive elastic interaction between the bipolarons
atong the chain competing with the fong-range Coulomb forces.

1. Introduction

According to standard Peierls—Frohlich theory, the ground-state of a one-dimensional
electronic system coupled to phonons is always a charge density wave (CDW) associated
with a periodic lattice distortion (PLD) with the same wave-vector which is twice the Fermi
wave-vector 2kg. It can be either commensurate or incommensurate with the lattice wave-
vector according to the band filling [I,2]. Peierls—Frohlich theory is basically a theory valid
at small electron-phonon coupling.

Some years ago, Noguera and Pouget [9, 11] improved the standard mean field treatment
of Peterls—Frohlich CDW by taking into account the curvature of the energy dispersion

(953-8084/95/438287+20819.50 (© 1995 IOP Publishing Ltd 2287



8288 J-L Raimbault and § Aubry

curve of the bare electron versus its wave-vector (which yields a finite effective mass for
the electron). On this basis they claimed to explain the observed wave-vector variation
as a function of temperature in many real CDW and, in particular, in blue bronze. This
result can be questioned for technical reasons and, because it contradicts earlier results by
Quémerais [ 10), Noguera and Pouget noted a second possible interesting contribution to the
CDW wave-vector variation, which comes from the dispetsion of the phonon curve that we
are going to consider here. It is the purpose of this paper to prove that this effect may have
more drastic physical consequences. The wave-vector of the CDW may no longer be 2kg,
and the CDW can be broken into different phases with different electronic densities, We
only focus on the properties at 0K of the CDW ground state.

Before describing our results we recall, in section 2, some of our early results which
were not predicted by standard Peierls—Fréhlich theory and present, on this basis, the
qualitative ideas of the origins of this work. Section 3 describes the modified Holstein
model and notations. The single bipolaron and their pair interaction are calculated in
section 4. Section 5 describes the many-bipolaron ground state and their phase separations.
Finally, in the concluding remarks of section 6, we discuss the role of Coulomb forces and
the possible physical consequences of this work. An interpretation of the anomalous value
for the observed CDW wave-vector in (TaSes ).l is suggested.

2. Standard ordering for 1D bipolarenic ground states

It has been shown through an accurate numerical analysis that, for the incommensurate
CDW, there is a second-order phase transition between a Peierls-Frohlich CDW and a
bipolaronic CDW at a moderately large electron—phonon coupling [3]. This transition,
called ‘transition by breaking of analyticity’ (TBA), corresponds physically to a metal-
insulator transition by extinction of the Frishlich conductivity due to lattice pinning of the
CDW, This transition is associated with a gap opening in the phonon spectrum and the
system becoming charge defective. In the commensurate case there is no TBA, because
the CDW is always pinped to the lattice and thus is insulating at 0X. A prototype madel
that exhibits the characteristic features associated with CDW is the 1D adiabatic Holstein
model [4]. This model contains only one dimensionless reduced parameter, but the physical
features that are found for it extend, for the most part, to more realistic although more
complicated CDW models.

This model represents a single electron band with onsite coupling with a dispersionless
optical phonon band. It was initially introduced for exhibiting polarons and bipolarons. A
single polaron corresponds to a localized electron that is self-trapped in the potential well
creatad by the lattice distortion generated by the electron—phonon coupling, When there is
no electron-electron repulsion, it takes less energy for two electrons to form a bipolaron
where the two electrons self-localize in the same electronic state but with opposite spins.
A priori, this concept only looks clear when the electron density is weak enough in order
that the electronic states almost do not overlap. In fact, it can be extended at any electronic
density, even when the bipolaron wavefunctions averlap.

It has been proven for this model [5,6] that, when the electron-phonon coupling is
large enough, there are infinitely many bipolaronic configurations, most of them being
chaotic. More precisely, considering the total energy of the system while the electrons are
in their ground state for a given set of onsite lattice distortions {u;}, the variational energy
which depends on {4} exhibits infinitely many local minima. Each of these minima can
be associated with a set of pseudo-spins {o;} characterizing the spatial distribution of a
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bipolaronic configuration (o, = I means that a bipolaron is present at site i, and o; = 0
means no bipolaron). Reciprocally, for each set of pseudo-spins {s,}, there exists a well
defined local minimum of the corresponding bipolaronic configuration. Since the set {o}
is arbitrary, most of these bipolarcnic configurations are chaotic.

At large electron—phonon coupling, the ground state of the system is a bipolaronic
structure [5], which corresponds to an array of bipolarons with a special ordering
superimposed on the lattice, and which is described by a special set of pseudo-spins. This
special ordering is a priori unknown. However, in the simple 1D Holstein model, this
ground state is found numericaliy to correspond to equidistant bipolarons on the discrete
tattice associated with the pseudo-spin configuration [3]:

o; = x(i{ + o) (1)

where x (x} is a 1-periodic function defined as
0<x < (2a)
x(x) =

0 {€x <1 (26)
and ¢ is the band filling (or density of bipolarons per site): « is an arbitrary phase. The
resulting structure turns out to be a bipolaronic CDW with the same wave-vector 2kr as
predicted by Peierls—Frohlich. At the TBA, the size of the bipolarons diverges and the

bipolaronic CDW becomes a Peierls—Frohlich CDW.

The fact that the wave-vector of the bipolaronic CDW in 1D models remains at 2kg
is not a universal result. The resulting structure of the bipolarons is determined by the
interaction potential between the bipolarons. These interactions can be formally represented
at low temperature by a pseudo-spin Hamiltonian H ({o;}) which depends on {g;}. Although
this Hamiltonian contains in principle all possible multi-spin interactions, let us consider
only the pair interactions J(n)o;0;..,, between two bipolarons which become the dominant
terms at large coupling: J(r) = Ja(n) + Jpn(n) + Joou(n) can be split (approximately)
into the sum of three components. The first interaction, Jy(n), originates from the overlap
between the orbitals of two bipolarons. It is repulsive and decays exponentially as a function
of their relative distance, r, as well as the electronic wavefunction of a single bipolaron.
The second interaction, Jpn(#). is mediated by the elastic deformation of the phonon field
generated by two polarons, This interaction also decays exponentially as a function of
the relative distance, but its sign depends on the details of the phonon dispersion. It may
be attractive, repulsive or oscillating as a function of n. The third interaction, Jeou(n),
represents the long-range Coulomb forces between the bipolarons which have twice the
electronic charge; it is repulsive at all distances. The existence of these interactions between
the bipolarons was quoted in an earlier paper by Emin [7] and also suggested by Alexandrov
and co-workers [8].

In the original Holstein model there is ne phonon dispersion, i.e. the lattice distortion
at site { does not interact with the lattice distortion at a different site j and the Coulomb
force is not taken into account. It appears that the bipolaron interaction J(n) behaves as
Jei () and is repulsive at all distances. The net result, confirmed by numerical observations,
is that the ground state is obtained for equidistant bipolarons, i.e. a 2kr bipolaronic CDW,

In real systems there is generally a phonon dispersion, which can induce non-repulsive
forces between the bipolarons. The purpose of this paper is to analyse a simple modified
Holstein model with a phonon dispersion. This modified model was already proposed by
Holstein as a more realistic model for real molecular systems. For this purpose, we add a
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small coupling between the distortions at neighbouring sites which produces an attractive
interaction between the bipolarons. Because of this apparently minor change in the model,
the 2kr bipolaronic CDW undergoes separation between two phases with different electronic
densities when increasing the electron—phonon coupling beyond relatively small values. This
situation contrasts with those numerically observed in the Falicov—Kimball model [34],
where phase separations between phases with different electric charges are found at small
coupling while the periodic 2kg structure is recovered at large coupling. The role of the
long-range Coulomb forces, which is not considered in the main part of the paper, is briefly
discussed next. The occurrence of phase separation in real systems is then prevented, and
a new CDW with a wave-vector which is not 2kg, appears.

3, The adiabatic Holstein model

In this section we recall the definition, and describe early results, relative to the original
and extended adiabatic Holstein models [4]. The extended model consists of a single band
of electrons linearly coupled to a single optical branch of phonons with dispersion. Within
the standard adiabatic approximation used for studying CDW, the quantum kinetic energy
terms of the atoms are neglected, becanse the atoms are supposed to be much heavier than
the electrons. In addition, the amplitude of the PLD has to be assumed to be much larger
than the amplitude of the zero-point motion of the atoms, The electronic Hamiltonian can
be written in the extended form as

H(u) = =T ) chejo + ) gmap(u} — ymaamw) + 13 uni—py o n €)
i o i i i
where u = {u;} is the set of lattice distortions which are scalar variables, c;'; and ¢y
are the creation and annihilation operators of an electron at site / with spin ¢ = {t, [},
n=3, c;':,c,-d is the electron density operator at site i, {i, j) means that the sum is done
over all pairs of nearest neighbour sites #, j, A is the electron-phonon coupling constant, u
is a chemical potential which fixes the band filling, m the mass of each atom, wy the bare
phonon frequency, and ¥ is the parameter that measures the phonon dispersion. The lattice
stability requirement implies |¥| < 1/2. In one dimension, 4T is the bandwidth. We first
discuss some results obtained in the simplest case y =0, and then describe the case when

y #0.

3.1. Optical phonons without dispersion y = 0

This situation corresponds to the original Holstein model. The ground state of this model
is obtained by minimizing {(¥|H{u)|¥) both over the electronic state v and u. The
extremalization of {y|H(u)|y} with respect to u; readily yields that the static lattice
distortion #; and the electronic density p; = {¥|n;|¥) = (n;) are proportional:

A
by =——p;. @)

maw}
The continuum version of this model (where the site index { is taken as a continuous
variable x) has been exactly solved by Shastry [12]. A 2kr CDW p(x) has been found
for all electron—phonon couplings; p(x) depends smoothly on the model parameters and

there is no phase transition. In the weak-coupling limit, the modulation of the electronic
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density p(x) is the sine function expected by Peierls—Frohlich theory, In the strong-coupling
limit, p(x)} exhibits in each period a single sharp peak corresponding to the charge of two
electrons. The width of this peak goes 1o zero as 1/A. The continuum approximation
always yields a Peierls-Frohlich CDW with a zero-gap phason mode, which is unpinned
to the lattice (since the lattice discreteness has been neglected). These CDW can carry a
Frohlich supercurrent.

The continuum approximation breaks down at moderately large coupling when the width
of the peaks becomes comnparable with the lattice spacing, and then there is phase transition.
The numerical studies on a discrete lattice only partially agree with this continuous model.
On the one hand, it is confirmed that the CDW ground state indeed remains a 2k CDW
at all couplings. The electronic density can be written as p, = p(2kgia + o) where p(x)
is called the hull function [3], a is the lattice spacing and « is an arbitrary phase. On the
other hand, we know that the CDW has to become bipolaronic [5] at large enough coupling,
and it does. For any band filling £, there is a critical coupling k.(¢) for the dimensionless
constant

2

k=X
Tmw}

)

such that the hull function p(x) becomes a discontinuous function. This transition appears
to be similar in all respects, including the same universality classes for the critical behaviour
at the TBA, as those of the Frenkel-Kontorowa model [14].

In this later model, a detailed and exact theory was built. It connects this phenomena
with the breaking of Kolmogorov—Arnol’d-Moser tori in the standard map [3]. When ¢
is a ‘good’ irrational number (most of them are ‘good’), k.(¢} is non-zero but becomes
generally zero when ¢ is rational or ‘almost rational’ (Liouville numbers). This transition
is characterized by a gap opening in the phason spectrum and the extinction of Frohlich
conductivity. However, we also find that, at large coupling, the electron density becomes
sharply peaked at single sites, as also expected from the result of Shastry.

The strong electron—phonon coupling limit (called atomic by Hoistein) is obtained when
the bandwidth vanishes (7 = 0). Because of a formal analogy with the theory of dynamical
systems, we relabelled this limit the ‘anti-integrable limit’ [13]. The Hamiltonian reduoces
to

HT=0=)£ZH&": —-uZn,-—%Z%mwﬁu?. (6)
i i i

Since u; are scalar variables, the electronic eigenstates of H are those of the operator
n; = #fi4 + 7). We have P = 20; = (O’gT + O‘u) with (UET =0or 1, gj; = Oorl and
o =0,1/2 or 1}.

Because of (4), the total energy can be written as

(Hyreo = —2U Z:cr,.2 — 2;&20; o
where
;\.2 Tkz
U= =T ®
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is the binding energy for two polarons forming a bipolaron in the anti-integrable limit. In
this limit T = Q, we fix x = —U in order that the electronic density can be fixed at an
arbitrary value, since the energy at a given site is the same either with a bipolaron or with
a hole. Without a magnetic field, the existence of polarons o, = 1/2 costs more energy so
that the ground state in the atomic limit naturally appears as a degenerate distribution of
bipolarons and holes (o; = 0 or 1}, which is generally chaotic without long-range order,

The hopping term, which has been neglected in the anti-integrable limit, introduces
an interaction between the bipolarons. In the large electron-phonon coupling limit, many
standard perturbation theories with respect to the hopping term T (see, for example, [8, 15])
yield, at lowest order, a repulsive interaction between nearest-neighbour bipolarons:

271
{Herr) = (H _o+—ch+m )

For two bipolarons we pointed out [3] that this interaction remains repulsive at all
distances, and decays exponentially as a function of their distancet:

1
(Het) = (H)r=0 + 5 ) Jali = J)oig) (10)
ij
with
8|n|U
Jer(n) = %’,‘—I (1)

(In this notation ((i, ) 5= (f, ).} If one neglects the other multispin interactions, which
become important for lower electron~phonon couplings, the sequence (11) fulfills at large
k, the convexity condition}

Jan+ D+ Jgn=1)—2J4(n) > 0 for n22 {12}

which implies that the ground state [17-20] is obtained for the sequence of equidistant
bipolarons given by (1). The bipolaronic structure is a2 2kr CDW, in agreement with [12]. By
analogy with exact results obtained in the Frankel-Kontorowa model [21], we searched and
found explicitly from the numerical data in the incommensurate case (see [22] and references
therein), a localized form factor function b, which yields the shape of the electronic density
by convolution with the pseudo-spin distribution {o,}:

pi =D bi-nn. (13)
n

{b} can be interpreted as the effective shape of the electronic density associated with a
bipolaron imbedded in the field of the other overlapping bipolarons. It is positive for all n
and decays exponentially for large |#|. When T = 0, this function b, reduces to a 8-function
at n = 0, and has a non-zero width when T 3 0. This bipolaron spreads out and its size
diverges at the critical value &.(¢) of the coupling constant & at which the Peierls—Fréhlich
CDW is recovered.

1 These pseedo-spin inferactions will be investigated in detail in the Holstein model in one and two dimensians [16].

1 More precisely, for & > 3'/4, which corresponds to a domain larger than the whole domain where the concept
of bipolarons is physically relevant.
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3.2. Optical phonons with dispersion: y # 0

The essential results obtained for the original adiabatic Holstein model at large enough
electron—phonon coupling {5} (section 5.3, p 744), extend similarly for the same model
with a non-zero dispersion on the optical phonon branch. However, there are some minor
differences. There still exist infinitely many chaotic bipolaronic states, but when y is too
Jarge the set of pseudo-spin configurations which labels them has to be ‘prunad’.

In other words, there are pseudo-spin configurations {o;} which do not correspond to
bipolaronic states. Because of this, the entropy of the whole set of bipolaronic configurations
is reduced but, as proven in the above reference, does not vanish.

This pruning effect occurs from the eiastic deformations which are created around the
bipolarons by the phonon dispersion. A consequence of these deformations is that in the
anti-integrable limit 7 = 0, for large enough y (more precisely, y > 3/10, see [5]) there
exists certain configurations of bipolarons for which the set of eigenenergies corresponding
to the occupied electronic states overlaps the set of energies corresponding to the empty
states. A consequence is that these bipolaronic configurations are unstable, because the
electrons are not in their ground state. These bipolaronic structures do not exist as a local
extrema of the total energy at T = 0, so that perturbation theory in T is not possible.

As in the original Holstein model, the critical coupling below which each bipolaronic
state disappears still depends on its labelling pseudo-spin configuration {o,}, but the upper
bound of this critical coupling over all accessible bipolaronic configurations becomes infinite
when there is pruning.

However, even in the case with phonon dispersion, the ground state also has to be a
bipolaronic structure at large enough electron—phonon coupling. However, then the exira
interaction coming from this dispersion competes with the repulsive interaction of electronic
origin, described above in the case without phonon dispersion. Unlike Jy, it does not vanish
in the anti-integrable limit, and thus becomes the essential term at large electron-phonon
coupling.

Minimizing the total energy with respect to u, yields instead of (4), the equation:

— hp; — mewd [u‘ — ¥ {o + )] =0 (14)
which gives
==y di_jp; (i5a)
J
with
d =—FB (155)
" i1 - 4y2
and
1 — /1 —4y?
Nph = —‘zy— (15¢)

The lattice distortion {u;) and the electronic density {p,} are now related to each other
by a convelution with a shape factor {d,} which depends on the details of the phonon
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dispersion. In the anti-integrable limit (T = 0), o; = 20; with 0; =0 or 1, the energy of a
bipolaronic configuration {o}} is not degenerate when y = 0, and becomes

i
(H)rwp = —ELLZ‘_:C& +3 E;, Tonli — 1)ai0; (16a)

with

4l [nl

Jon(n) = ———==13,,,.
ph( ) \/1_—4-}/2'Uph

Note that (164} represents the energy of a bipolaronic configuration {c;} in the case that
it exists as a metastable state. When y is positive, Jpn(n) is always negative, while it has
an alternate sign when y is negative. For the sake of simplicity, we choose to study the
situation with y positive, which corresponds to a ferromagnetic interaction in (16a) at all
distances. Then, choosing the chemical potential ¢ = —U in order to fix the band filling at
an arbitrary number £, the ground state of a large system of size L, is obtained by a phase
separation in two domains, for example:

(165)

o =1 O<i<ilL (17a)

o; =0 ¢L <i< L. {175)

When the transfer integral T is not zero, the effective repulsion between bipolarons
calculated in (11) appears and competes with the bipolaron attraction (16k). This term
increases as T increases or, equivalently, as the electron—phonon coupling A becomes
smaller. Since at low electron—phonon coupling the Peierls—Fréhlich instability appears
very precisely as a 2k CDW, it is an interesting question to understand how the CDW
evolves between these two regimes.

4, Systems with one and two bipolarons: numerical analysis

In the regime of intermediate electron—phonon coupling, it becomes much more difficult
to analyse the interactions between the bipolarons than when close to the limit T = 0.
These interactions cannot be strictly split as the sum of several pair contributions because
multispin interactions are also involved. Numerical calculations, which integrate globally
all contributions to the interaction energy, are much more reliable. Our numerical method
consists in following continuously bipolaronic configurations characterized by {o;} and its
energy known in the limit T = 0 as a function of T.

The details of our technique were described in appendix A of [22], although it was
applied there to a different problem involving both bipolarons and polarons. Let us first
analyse the structure of a single bipolaron and the interaction between two bipolarons when
there is a phonon dispersion.
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4.1. Single bipolaron

For a single bipolaron (for example, at site (), the electronic eigenstate {¢,} is doubly
occupied and its eigenenergy E, is determined by the ‘self-consistent eigenequation’

—Tonst — Ty + Abtny = Eaipy (18)

where the lattice distortion u, is related to the electronic density p, = 2|¢,|* by the
convolution (15a) with a shape factor {d,}. Since for a single bipolaron u, goes to zero as
in| goes to oo, the electronic density o, behaves as exp{—«eln|) for large n with

| —Ea+E}—472 9)

Kel = — =

Ee] T

Because of (15a), u, also behave as exp(—#«,|n|) with &, = 1/£,. Since d, ot exp(—«phinl)
with &pn = 1/kpn, the result of the convolution (154} yields

‘Eu = Max(&els gph)- 20

A single bipolaron exhibits two characteristic sizes, which are &, for its electronic
density and &, for its lattice distortion. These two sizes become equai at small enough
electron—phonon coupling because, in (20), &, diverges while & remains constant. On the
other hand, at large coupling they must be unequal because &, goes to zero. There is a
transition point at some critical value of the electron—phonon coupling kq(y).

These characteristic lengths were measured on our numerical data as a function of k.

4.0

35 F

o
o

-0 - G- O 0 -0- 0=

Characlenshic size
n
(=]

L]
o

. . . . 2 s R : L L
14 5 16 1.7 1.8 1.8 2.0 2.1 22 23 24 25
Eletiton-phonon coupling

Figure 1. Inverse electronic size x,) (full curve and lattice distortion size &, (dotted curve) as
a function of the electren—phonon coupling, for ¥ = 0.1, compared to the constant «ph (broken
line).

The plot of figure 1, done for a relatively small phonon dispersion v = 0.1, clearly
shows this transition. Figure 2 shows k4()). This transition line roughly determines the
cross-over region where the range of the electronic interaction J, becomes shorter than the
range of the elastic interaction Jp,.
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Figure 2. Critical electron-phonon coupling 4w{(y) as a function of the phonon dispersion
parameter .

4.2, Interaction between two bipolarons

Let us now calculate numerically the effective pair interaction J(») between two bipolarons
as a function of their distance (in a system with only two bipolarons). The results are
reported in figure 3(a).

For a moderately small value of the electron—-phonon coupling & = 2 in the bipofaronic
regimet, and for small values of the dispersion parameter » < (.05, the interactions between
the bipolarons rematn repulsive at all distances (i.e. equation {12) is fulfilled). The ground
state is achieved when the bipolarons are equidistant, which yields a 2k CDW.,

For all other positive values of yp, the interaction energy versus the distance between
the bipolarons is not a convex function because the elastic interaction mediated by the
dispersion becomes more important. For y > 0.15, the minimum of J(n) isat n = 1.
This situation favours the phase separation that exists in the anti-integrable limiti. For the
intermediate values of y the minimum of J(#) is located between 2 and oco. Other phase
separations are favoured in that case,

A more complete view is reported on figure 3{b) in the phase diagram (k, ), where
the domains of absolute minima of J(n) are shown.

The two extreme domains correspond to a minimum of J(n} at # = 1 {upper part of
the figure), and to a 2kp CDW (lower part of the figure); in between some intermediate
domains are also shown, which correspond to minima of J(n) between n = 1 and n = oo,

These results with two bipolarons prove the existence of phase separations in the non-
overlapping bipolaronic structure at low enough density, when mostly pair interactions play
a role. When the density of bipolarons become large and when they overlap it is more
accurate to make a direct calculation of the global structure and of its energy in order to
get the ground state,

5. Systems with many bipolarons: numerical analysis

At large coupling, we know that systems with many electrons exhibit infinitely many

+ For k 2 k ~ 1.58 there is no Peierls-Frihlich CDW at any band filling for y = 0.
} Remember that, because of the Pauli principle, two bipolarons cannot occupy the same site,
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Figure 3. {a) Interaction energy of two bipelarons as a function of their relative distance for
various phonon dispersion parameter y, and for & = 2.0. (&) Domains of absolute minima of
the bipolaron interaction in the (k, ¥} plane (see comment in text).

bipolaronic structures represented by pseudo-spin configurations {o;}, among which the
ground state lies. For a large but finite system with N sites, this number grows as exp(8N),
where f is some positive non-zero ‘entropy’. When there is no pruning (y < 3/10, see [3]),
this entropy is just 8 = L.n 2, The consequence is that, even when N is reasonably large, the
rember of bipolaronic configurations which have to be checked in order to find the ground
state becomes huge and exceeds our numerical capabilities. To find the ground state, we
restrict the family of bipolaronic configurations that are tested with empirical arguments,
which we now describe.

5.1. Structure of the phase diagram in the vicinity of a multiphase point

At the point (T =0, ¥y = 0, u = —U) of the phase diagram, the energy of a bipolaron is
exactly zero, and the interaction energies between bipolarons also strictly vanish. Any
bipolaronic configuration is a ground state, which thus is totally degenerate. Such a
point in the phase diagram is a ‘multi-phase point’, similar to those found in the ANNNI
model [23,24] and other models.
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Let us describe the scheme which usnally works for describing the vicinity of a
multiphase point when its degeneracy is raised by some perturbations. We do not specify
the model and the type of perturbation, but review and reformulate the essential and general
ideas.

A standard multiphase point is at the border between two domains of stability in the
phase diagram of two pericdic phases with unit cells labelled {A} and { B} respectively. At
the multiphase point, the degenerate structure is described by random sequences of blocks
{W;}, where W; is arbitrarily {A} or {B}. This degeneracy implies that (i) the energy per
site of the pure phases A and B are the same; (ii) the average energy (Eag + Epa)/2 of
the interface {--- AAABBB - -} between the two periodic phases with unit cells {4} and
{B} respectively, and of the interface {--- BBBAAA ...} in reverse order, is zero; and (iii)
the interfaces do not interact, whatever their relative distance.

‘When a perturbation is added to the Hamiltonian, its effect on the degenerate multiphase
point is treated recursively at all orders of the perturbation, The degeneracy of the multiphase
point is usually raised at the lowest significant order by the perturbation, and becomes a
transition point characterized by equal energies per site of the pure phases A and B. At
this transition point, the average energy of the interface (Eap + Eg4)/2 can become either
positive or negative, which corresponds to the following two different situations.

In the first situation, F, the average energy of the interfaces (E4p + Epa)/2 becomes
positive after the perturbation. Then, only pure phases A or B can be stable at the transition
peoint. In that case, the multiphase point just becomes, after perturbation, a standard first-
order transition between the periodic phase with unit cell {A} and the other periodic phase
with unit cell {B}.

In the second sitvation, D, the average energy of the interfaces (Esp + Epa)/2 becomes
negative after the perturbation. The interaction energies between these interfaces are of
higher order in perturbation, and can be dropped at the lowest order. Then, the intermediate
phase with unit cell {A B} obtained by juxtaposition of {A} and {B} becomes the most stable,
not only at a single point but in a non-vanishing domain, because the density of interfaces
lowering its free energy is maximum,. This new phase domain is inserted between the
stability domain of the periodic phase with unit cell {A} and the stability domain of the
periodic phase with unit celt {B}, with an end point at the initial multiphase point where
the perturbation is zero.

At the border between the stability domain of the pericdic phase with unit cell {4}
and the periodic phase with the unit cell {A.B}, there is 2 new multiphase point where the
degenerate structure consists in a random sequence of blocks {W;} where either W; = {A}
or W; = {AB}. There is also a second multiphase point with degenerate structure {W;},
where either W; = {AB} or {W;} = {B} at the border between the periodic phase with unit
cell {AR} and the periodic phase with unit cell {B}.

To have this scheme, a part of the perturbation that consists of the highest-order terms
has been dropped. These terms are considered as a new perturbation of the obtained phase
diagram. We repeat the above analysis for each of the two new multiphase points. Each of
them could become (independently) either a first-order transition, or generate an intermediate
phase with two multiphase points, and so on. The construction of the phase diagram can
be done recursively following this algorithm.

The validity of this recursive treatment of multiphase points requires an explicit
calculation of the perturbation at increasing order. This was implicitly done in [25], which
focuses on a problem at finite temperature., Taking the zero-degree limit in that paper, the
recursive construction of the phase diagram of the ground state of am Ising spin model
with antiferromagnetic long-range interactions, was obtained. In that case, situation F never
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occurs at any order of the recursive analysis of the multiphase point and, consequently,
there are no first-order transitions in the phase diagram for that model. The resulting phase
diagram of this model contains all the possible phases that can be labelled by 1. It is an
alternative method for recovering the Devil’s staircase, which was known to exist in the
considered model. In other models, such as the ANNNI model [24], situation F occurs at
some level of the scheme, but there are also branching points where first-order transition
points become multiphase points.

This validity of the above ‘two-blocks’ scheme for analysing a multiphase point may
fail if the successive order of the perturbation terms does not decay smoothly or fast enough.
This analysis also fails if the multiphase point itself corresponds to higher degeneracy where,
for example, three (or more) different phases with unit cells {A}, {B} and {C} mix together
arbitrarily. We have the example where a two-block construction of the ground state fails
and where the recursive construction requires three blocks [26,27]. Then, one get more
complicated structures which may be neither periodic nor quasi-pericdic but only weakly
periodic (e.g. see [27]).

5.2, Farey construction of phases in the vicinity of a multiphase point

Any of the unit cells of the periodic phases which are obtained within this scheme can be
constructed from two initial ‘blocks’ {A} and {B} with the help of the two inflation rules
7t and Tg, which define two new blocks {A'} and {B'] by

(AL {B'D = TL({A), (BD (21a)
with

{A) = {4} {B'} = {AB} (218)
and

({A'}, {B'D) = Tr({4}, (BD (22a)
with

{A'} = {AB} {B'} = (B}. (220)

We characterize all possible structures which can be obtained with these rules,

Let us ascribe to the initial unit cells {A} and {B}, the code 0 and 1 respectively. Infinite
pseudo-spin sequences {o;} are generated by all arbitrary products of a transformation 7;,
where either T; = T, or T; = Tk, applied to each of these initial states. When the sequence
of 77 is finite, the obtained sequence {o;} is repeated periodically in both directions, which
makes it an infinite sequence, According to [25], each of these infinite sequences {o;}, is
described by 1 with an appropriate choice of the number £ and of the phase «. The sequence
of block transformations 7 is uniquely determined by the continued fraction expansion of
¢. It is finite if and only if £ is rational, and then {o;} is periodic. The consequence
of this result is that the perturbations at a standard multiphase point can only yield the
commensurate and incommensurate phases associated with pseudo-spin sequences among
those given by 1.

All possible unit cells []'[le ’];]{i} with {i} = {0} or {l} and N finite, and their
corresponding rational ¢, are obtained within a construction that follows in parallel the
standard Farey construction of rational numbers in the interval {0, 1] at order N.
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We start initially (¥ = Q) from the line consisting of thé sequence of two rationals
t =0/1 and { = 1/]1 which are associated with the unit cell {0} and {1} respectively, and
we apply recursively the following algorithm,

Let us consider the Nth line which consists of a sequence {r /5¥} of rationals (where
n runs from n = 1 to n = 2% + 1), so that the corresponding periodic sequences 1 have
a unit cell denoted {CellY}i. Then, we construct the next (N + 1)th line which contains
2M+1 4+ | rationals, as a new sequence of rationals obtained by inserting between every
pair of consecutive rationals r)¥ /s¥ and r)Y, /s, of the old sequence, the new rationals
(r,’:’ +r,f"+l) / (s,‘:" +s,':"+1). The unit cell of the sequence | associated with this rational number
is just obtained as the juxtaposition [CellY Cell? 411 of the two parent unit cells.

It has been proven [28] that all the rational numbers in the interval [0, 1] are obtained
in their irreducible form by this construction, and appear once and only once in each line
when N is large enough,

To be clearer, let us describe explicitly how these rules work for the first lines of the
Farey construction. The first line (¥ = 1) is {(—l’,% = —?{-{—, %} where the new rational
¢ = 1/2 is associated with the unit cell {01},

N

The second line (N =2) is {§, § = ¥4, 4, 2 = 121, 1}. The two new rationals { = 1/3
and 2/3 are associated with the unit cells {001} and {011} respectively, and so on.

For any rational number {, = r/s (in irreducible form), there exists a smallest N such
that ¢, belongs to all lines with order / > N in the Farey construction. It can be written
uniquely as (rY + ¥ )/(s¥ +5Y,,). The two rational numbers r¥ /s¥ and r2, /s¥. | are
called the two parents of ¢,. They can alsc be obtained from the standard continued fraction
expansion of 0 < &, < 1

r=7 (23)

with integer coefficients 1 € a,. By convention, the last integer coefficient ay.; in this
expansion is 1.
The two parents of {, are

1

= 24
¢n pp— (24)
LA
uN_[-!-a-N—
1
_ 25
b= o (25)
av-rtays

and are ordered by convention such that the first one ¢, has the largest denominator.

The second generation of parents of §, is the pair of consecutive integers of the next
upper line ¥ — 1 of the Farey construction, the interval of which contains .. These two
numbers are the parents of ¢, and are, when ay > 1,

grg = a {rz (26)

t This is a particular determination of the unit cell, which is not urique and depends on the phase ¢ in 1,
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and are, when ay = 1,

1

ot s

&rs $n (27}

At the second generation £, keeps only two parents, and so on.

If ay = 1 both ¢, and ¢, are principal convergent of ¢, while if ay > 1, ¢, is
a principal convergent but {., is only an intermediate convergent of {,. One recognizes
here that this sequence of nth generation parents of a rational number just coincides with
the sequence of pairs of intermediate and principal convergents considered in {25]. This
sequence becomes infinite for an irrational number, which has an infinite continued fraction
expansion,

These parent commensurate structures play a role in the interpretation of the phase
separations that were numerically observed (see sections 5.3 and 5.4).

5.3, Phase separation in the bipolaronic phase diagram

Turning back to our adiabatic Holstein modei with dispersion, we noted that the special
point (T = 0,y = 0, 4 = —I7) is a multiphase point in the phase diagram of the ground
state versus T, y, . This point is at the border line between the phase characterized by
the pseudo-spin sequence o; = 0 for all i and the phase characterized by o; = 1 for all
f. With {4} = 0 and {B} = 1, the bipolaronic configurations labelled with the pseudo-
spin sequences {1} represent the whole set of configurations that could be obtained by this
multiphase scheme.

Although we have no rigorous proof, we think that we should find the true ground states
in this set for two reasons. On the one hand, at large electron—phonon coupling that is close
to the multiphase point, the characteristic length of the interaction between the bipolarons
goes to zero. As a result, successive orders of the perturbation series should go to zero
very quickly. This is the ideal situation where the standard analysis described above works,
On the other hand, in the opposite limit at low electron—phonon coupling, the bipolaronic
configurations corresponding to (1) just become the whole set of Pejerls—Fréhlich CDOW
obtained for all band filling, which we observed numerically below the TBA.

Our numerical technique consists in following by continuity each of these bipolaronic
configurations, which are explicitly known in the anti-integrable limit, and to calculate its
energy. In practice, we start from & = oo and y = 0 for a given {rational) band filling

1
{=3y Z{ﬂf)

i

(k. y and ¢ are the dimensionless paramelters of the model, and & the total number of sites)
and we vary by small steps either k or v or both in order to follow a continuous path. It
might happen that the solution is lost because a discontinuity (even a small discontinuity)
is observed in the configuration {«;}. However, this situation never happens when y = 0.
Then, if a given point (%, y) in the phase diagram can be reached continuously, it is more
efficient to vary & and then y. In any case, if the configuration exists it is the same for any
continuous path used for calculating it. If this point cannot be reached by any continuous
path, we conclude that the corresponding configuration (likely) does not exist (pruning) and
thus can be discarded in the energy tests. In practice, only commensurate systems can be
studied, but their commensurability order can be chosen to be as large as needed.
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Figure 4. Band filling as a function of the chemical potential p for y = 0, and for different
values of the electron-phonon coupling .

The energy per site which is obtained for each configuration for a given band filling
does not depend on the system size, when the system is large enough. In practice, about
100 sites appears to be sufficient to obtain reasonable accuracy in energy (better than 10~%),
This average energy is calculated for commensurate systems with band filiing ¢, =r/s for
all rationals with denominators 5 € 15. For that purpose, the configuration {u;} and its
energy is calculated for a system of ns sites with nr electron pairs. The integer n is chosen
in order that ns be about 100.

The ground state is the configuration which has the Jowest energy per site. Fixing the
sequence of pseudo-spins (1) determines a bipolaronic structure as a continuous function of
k and y which is independent of p. For a given set (%, y), the energy (3) per site of this
structure is a function of ¢ and y, which can be written as

Wu(g) = Wo(4) ~ 2uL. (28)
The density of electrons ¢{u) is determined as a function of w& by minimizing W, (¢) with
respect to £. If Wo(z) is a convex function of £, this function is given implicitly by the
equation

W) _

8¢

The electron-hole symmetry of the Hamiltonian (3) implies, after some calculations, that
the function

24, 29

A’I
T —2p)mek

is symmetric with respect to the point ¢ = 1/2. It is sufficient to study the band fillings
between 0 and 1/2, and to complete the calculations by symmetry.

When there is no dispersion (y = 0), Wg(t) is convex for any value of the electron-
phonon coupling k. lts derivative has a discontinuity at every rational so that the function
£(w) is a continuous and monotonous increasing curve with a constant plateau at each
rational. This curve is a Devil's staircase, which is expecied to be complete above the
critical values k > max; k:({) and incomplete below (see figure 4).

Wo(5) — 20 = Wo(l = &) — 2po(l — 1) with Ho = (30)
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It is found that the function ¥g(¢) always becomes non-convex for any electron—phonon
coupling k., providing the dispersion coefficient ¥ becomes large enough (and of course
smaller than 1/2). To study the phase separations occwrring when the function Wo(r) is
non-convex, it is convenient to define its convex envelope Weny(¢) as
{2—1{ { =4

Weny(£) = . <f?'1£>; Wo(l1) oy + ‘1‘0(4'2);2—:3 (31)

and the difference between this function and its convex envelope

A(L) = Wo(L) — Wenv(}) 2 0 (32)

which is positive or zero. The numerical calculation of A(Z) yields very sensitive
information about the phase separations in the model.
Three regimes occur for a given & (see figure 5).
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Figure 5. A(t) as a function of band filling for & = 1.70. The three curves correspond to
y = 0.05 {full curve), 3y = 0.16 (dotted curve) and ¥ = 0.22 {broken curve).

In the first situation, for small enongh ¥ (the case y = 0.05 is shown in figure 5), the
function A(¢) is found to be identically zero and then Wyo(Z) is surely a convex function.
The function £{w) defined by (29) is a Devil’s staircase.

In the second situation when y becomes [arger, the function A(¢) becomes non-zero (the
dotted curve, y = 0.16, in figure 5). We observe that it is non-zero in one or several non-
overlapping open intervals /,,, while it is zero outside. In addition, the ends of each of these
intervals often (but not always) correspond to rational numbers which can be associated one
with another as ‘parents’, according to definitions (24) and (25). If the band filling is fixed
to a given number ¢, which belongs to an interval I, =]¢_, £.[, the ground state is not the
bipolaronic configuration labelled by (1). There is a phase separation in two domains with
different band filling £_ and {,. both labelled by (1) with their respective values of z. On
the other hand, if { does not belong to any of the interval I, there is no phase separation
and the ground state remains the bipolaronic configuration labelled by (1).

The third situation occurs when y is large enough and becomes close to 1/2 (see for
example y = 0.22; the broken curve in figure 5). Then, A(¢) becomes non-zero in the
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whole interval 10, 1{. There are phase separations for any value of ¢ # 0 and # 1 into two
domains. In one of the domains, the electronic band is empty, o; = 0 for ail {, and in the
second domain the electronic band is full, o; = 1 for all {.

Figure & shows the global regions in the phase diagram (%, ), where (i} A(f) is zero
in the whole interval [0, 1] {below the full curve in figure 6). Any band filling yields a
stable CDW. There is no phase separation at any band filling. (i} A{¢) is non-zero, at
least for one ¢ (between the full and dotted curves in figure 6). (iii) A(¢) is non-zero for
alt £ # 0, ¢ £ 1/2 and ¢ # 0. Only the band fillings 0, 1/2 and 1 vield stable CDW
(between the dotted and broken curves in figure 6). For any other band fiiling ¢, there is a
phase separation into two domains corresponding t0 a domain with a half-filled band and a
domain either with an empty band or with a full band. (iv) A(Z) is non-zero for all £ # 0
and ¢ # 1 (above the broken curve in figure 6). For any band filling ¢, there is a phase
separation into a domain with an empty band and a domain with a full band.

2,5

20}
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Eleciron-phicnen couphng

0% : . . .
co0 010 020 030 040 0,50
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Figure 6. Domains of variation of A(£) in the plane (k. ¥) (see comments in the text).

For a given imrational § = -3%3 (in practice, a rational with a large denominator which
is a best approximation of this number, for example ¢ = 34/89), figure 7 shows the
phase diagram (%, ¥). (i) The domain where the ground state is a Peierls—Fréhlich CDW
(analytic hull function). (ii) The domain where the ground state is a bipolaronic COW (with
discontinuous hull function) with no phase separation. (iii) The domain where there is a
phase separation.

There is an apparently infinite cascade of phase separations inside this domain with
transition lines that accumulate on the boundary of the stable domain of the incommensurate
CDW.

Considering a given rational band filling ¢, = r/s, varying ¥ from zero, one necessarily
obtains a phase separation at some critical point. It is interesting to note that in many cases
(but not in all cases), the phase separation occurs between the two parent commensurate
phases which are the bipolaronic structures labelled by (1) cobtained for the two parent
rational numbers of £. For larger ¥, there is another phase separation into the next parent
phase and so on until the complete separation in phase {0} and {1}. For example, figure 8
shows magnifications where the commensurate phase with { = 5/1] separates into the two
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Figure 8. Separation of the commensurate phase 5/11 for £ = 1.70 into its parent phases (lower
figure: ¥ = 0,12 {(full curve} and y = 0.16 {dotted curve)) of into its non-parent phases (upper
figure: y = 0 19 {full curve) and y = (.22 (doited curve)).

parent phases with ¢ = 4/9 and {, = 1/2, then into the next parent phases {- = 3/7 and
£y = 1/2 {lower figure).

Continuing to increase ¥ we did not observe phase separations, neither into the parent
phases {. = 2/5 and ¢, = 1/2 nor into the next pair of parent phases {. = 1/3 and
£y = 1/2, but instead we observed directly the phase separation into two phases with
. =0/1 and {4. = 1/2 and finally with {_ = 0/1 and {, = 1/1 (upper figure in figure 8).

Another example is £ = 1/3, which does not follow this criteria of parent phases. The
successive phase separation occurs between {_ = 0/1 = Cste and {4 = 4/11, then with
0y =73/8, 0, =2/5¢,=4/9, ¢, = 1/2 and finally ¢, = 1/1.

5.4. A oy model for the bipolaronic phase separations

An understanding of these cascades of phase separations requires a detailed knowledge of the
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interactions between bipolarons for every vaiue of the parameters of the model, knowiedge
which we do not have. For a better understanding of the cbtained results, it is useful to
introduce a ‘toy’ mode] that can mimic some of the observed behaviour. It is simply a
schematic pseudo-spin model with Hamiltonian

1 .
H=EEZJJ(!—_])O','O}—2].LIZO’; 3%

where o; = 0 or I and the pair interactions J(n) = Jy(n) + Jp(n) for two bipolarons
at distance n. Only pair interactions between the bipolarons are taken into account as
the sum of two competing terms according to the qualitative ideas suggested in section 2.
The first term Jo (n) represents the interaction due to the overlap between the electronic
wavefunctions of the bipolarons. It is supposed to be repulsive at all distances. The second
term Jyn(n) represents the interaction due to the phonon dispersion. When ¢ > 0, this
contribution is attractive at all distances. Both interactions should decay exponentially as a
function of |n}, but with a different rate, We propose the following simple choice:

Jatn) = Jinlf (34)
Jon(n) = = Jarply (35)

with Ji and J; positive. This Hamiltonian contains four parameters, Jy, Ja, B, M. Which
should depend in some complex way on those of the initial Hamiltonian. The limit point
Nt =Mpn =0 and g = pp = %J’ (0) is a muitiphase point which ¢an be formally analysed
as explained above. We just have to select the ground state of (33) among the sequence (1)
where the parameter ¢ is determined by minimizing the average energy per site of (33)

1
Wu(§) = Wo(g) ~2uf = 5 3 K((ng) — 2 — uo)l (36)

where X(n) = Jin 4+ 1} + J{n — 1} — 2J{n) and p(e) is defined [20] as the continuous
function

@(x) = x Int(x) — zInt(x){Int(x) + 1). &1

The derivative ﬁ%’ff—) has a right determination W' (¢) and a left determination W§~({):

1
W) =3 > nK@mnt(ng) =Y nK(m){nt(n¢) + 1) (38)

n>0

corresponding to the left and right determination of the function integer part of x (Int (x))
respectively. Wg(¢) is just a sum of step functions with discontinuities at every rational.
The amplitude of the discontinuity at { = r/s where r and s are irreducible integers depends
only on s:

q;(’)+ ) — ‘I"c’J—(C) =8(s) = ZRSK(HS). (39)

n=0

When J(n) is a convex function of n, i.e when (12) is fulfilled, £(n) is positive for all
n and this derivative is monotone increasing. The function Wo(Z) i1s convex and the curve
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£(u) which is implicitly determined by Wj(¢) = 2(x — po) is a complete Devil’s staircase.
The width of the plateaus at rational { = r/s is given by (39) as %6(.5') > 0. Then, it was
indeed proven rigorously [17-20] that the ground state is given by the sequence (1) and
that &(u) is a complete Devil’s staircase.

When J(r) is not a convex function,

Toh
(1 — 752
may become negative for some values of 5. The function Wp({) is non-convex if and only

if §(s) is negative for some values of s.
Wo(£) may become non-convex in different ways. Below we describe two of them.

¥
865) = ha+ 03 = Vs

R e o — 2)s
el
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Example 1

8(s) can first become negative for large s > § where the integer bound § is assumed
to decrease from oo when the model parameter varies beyond the threshold of convexity.
There are phase separations which first occur for the incommensurate phases and the high-
order commensurate phases in decreasing order. More precisely, this situation is achieved
when J; < J; and when ngh/ne varies continuously and crosses 1 from below. As soon
as 7ph > Mel, 8(5) is surely negative for s large enough. Wo(¢) is non-convex in infinitely
many open intervals associated with all the rationals r/s with high-order 5. Beyond the
stability threshold, the width of these intervals grows so that they overlap. Figure 9 shows
the difference A(L) = Wo(Z) — Wem (¢} for several values of npy and all rationals with
denominator s smaller than 20, I one looks at the behaviour of a given commensurate
phase, it just undergoes the cascade of phase separations into its successive parent phases
as described above.
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Figure 9. A{{) as a function of the band filling for the toy medel (/1 = 1, J2s = 0.2, ny = 0.6).
The curves comespond to the following cases: nph = 0.70 (full curve), npn = 0.75 (dotted
curve), fgn = 0.80 {broken curve), nph = 0.85 (long-dash curve); se¢ example 1 in the text).

For the incommensurate phases, this cascade of phase separations has to be infinite with

an accumulation point at 7gn/7e = 1. In that situation, the low-order commensurate phases
appear to be the most ‘robust’ phases.
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Example 2
Wo(¢) may become non-convex in another way. When the model parameters vary beyond
the convexity threshold, 8(s) can first become negative for small s < §. This situation
is obtained when J, increases while 75, < 7. Unlike the previous case, the low-order
commensurabilities and their neighbourhood start to be the first unstable phases (see A({),
figure 10).
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Figure 10. A(Z) as a function of the band filling for the toy model (/| = 0.2, 0, = 0.5,
Tph = 0.6). The curves correspond to the following cases: Jp = (.30 {full curve), J, = 0.35
(dotted curve), J; = 0.40 (broken curve), J» = 0.45 (long-dash curve); see example 2 in the
text.

A(L) is strictly positive in a finite number of open intervals 12, £, around a few simple
rationals £,. The corresponding low-order commensurate phases ¢, separate into high-order
commensurate phases or possibly incommensurate phases with commensurability ¢_ and {.
which both depend continuously as a Devil's staircase on the model parameters.

There are other more complicated situations where, for example, K{n) oscillates at
infinity with a non-constant sign. A simpler case is when K (n) alternates its sign for large
n. This situation is found in the adiabatic Holstein model at large coupling and when the
phonon dispersion is negative (¥ < 0), which yields 7, < 0. Then, the cascade of phase
separations for the incommepsurate and commensurate structures should follow different
schemes involving, for example, the ‘parity’ of the rationals r and 5 or other rules. We did
not study all these possible schemes.

We now return to the adiabatic Holstein model with positive dispersion (y > 0). When
varying y from zero, we note that the first unstable phases appears in the vicinity of the
simple commensurate phase { = 0 (and equivalently of the commensurate phase { = | by
the symmetry argument), A non-vanishing stability domain for these cormmensurate phases
is preserved for any values of the parameters (k and y). The unstable phases correspond to
a connected open interval 10, £..f (and its symmetric one close to 1) where A(Z) is strictly
positive and Wo(¢) is non-convex.

The edge of this interval . versus y apparently varies as a Devil’s staircase for smail
¢+ £ 3/7. Unal this point, the behaviour of the phase separations can be qualitatively
described within the scheme of example 2.
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Beyond this point, for larger values of y, the function A(¢) becomes strictly positive
in several disconnected intervals which all grow with . When they are narrow, these
intervals open close to high-order rationals. If we consider any commensurate phase in the
interval 13/7, 1/2[, we find that it undergoes a cascade of phase separations following (at
the beginning) its sequence of commensurate parent phases in a way qualitatively similar
to those described in example 1.

These observations show that the discontinuity 8(r,s) of W(¢) at the rational r/s
not only depends on s but must also depend on r since the phase separations do not occur
simultaneously at all rationals that have the same order. A consequence is that the interaction
between the bipolarons cannot be uniquely described by pair interactions as in Hamiltonian
(33), because this would imply &{r, s) is independent of r. An accurate description of
the phase separation necessarily requires a pseudo-spin Hamiltonian (33) with multispin
interactions.

6. Concluding remarks

Real quasi-one-dimensional CDW are, in fact, three-dimensional systems containing one-
dimensional chains that interact one with another not only through the overlaps between the
electronic orbitals of nearest-neighbour chains but also through the elastic coupling between
the chaing. The transverse overlap is weak by definition, which make the bipolarons very
anisotropic. They are rather well localized on single chains, although they could be quite
extended along these chains. The bipolaron interaction, which is produced by this interchain
overlap, can be neglected at least qualitatively, More important are the interactions due to
the dispersion of the phonon branch in the direction transverse to the chains, which have no
special reasons to be weak since they participate in the 3D crystal cohesion. These clastic
interactions introduce interchain interactions between the bipolarons. Although a precise
3D analysis appears quite difficult, the present study suggests that the phonon dispersion
can also induce non-convex forces between the bipolarons and generate complex phase
separations in 3D,

For a standard CDW with no phase separation, the Coulomb forces generally play a
minor role compared to the electronic driving force which produce the CDW instabilityy.
By contrast, and because they are long-range forces, the Coulomb forces become essential
for determining the bipolaronic structure in the event that there would be a phase separation
between bipolaronic CDW with different electronic densities, as we will now see.

6.1. Non-2kp bipolaronic CDW as a consequence of the Coulomb forces on a phase
separation

Let us assume that, without Coulomb forces, the CDW-exhibits a phase separation between
phase A with electronic density {_ and phase B with electronic density 7. Whatever the
short-range bipolaron interactions are, no phase separation into two macroscopic domains
as described above is possible in a real system. Then, the density of Coulomb energy
involved in this phase separation would diverge. The electric neutrality of the system
forces the density of bipolarons to be uniform at the macroscopic scale and equal to .
The divergency of the Coulomb energy can be removed by forming a microstructure which

1 When these local interactions are important they must be described at the microscopic level by Hubbard terms
in the Hamiltonian. As a result, the nature of the CDW changes and becomes, for example, a spin density wave
ot a spin Peietls state
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alternate domains of phase A and B. This domain superstructure then does not appear as a
2kg CDW,

Even if it is assumed that both the short- and long-range interactions are known, finding
precisely the resulting bipolaronic structures is in general quite difficult. However, we can
get an intuitive idea of what it could be by a quite phenomenoclogical approach, A simple
choice is to assume that the superstructure consists of domain stripes A and B with thickness
L4 and Lp. Then, this superstructure involves only one main vector of modulation @ and
its harmonics. The length of the unit cell L = La 4+ Lp = 2x/|@Q| of the superstructure
along the wave-vector @ is assumed to be a continuous parameter, which means that at this
stage we discard any effect of the lattice discreteness or any commensurability effect on Q.
The ratio ¢. = L /Lp is fixed as ¢ = (¢4 — £}/ — {-) in order that the electronic density
be ¢.

The contribution to the energy density due to the presence of these interfaces AB and
BA depends on their orientation if, as we pointed out, there are lacal interchain interactions
induced by some phonon dispersion. The energy per unit surface. for a pair of interfaces AB
and BA (supposed to be far apart and non- mteractmg) is eAg(Q) and the average interface
energy per unit volume is ¢4 B(Q)lQl/'zzr where Q represents the unit vector paraliel to (.

The Coulomb energy ®cqy for a 3D charge density o(r) with Fourier transform p(q)
is

1 |p(@)?
Do = | —— d 41
Coul fZe(q) PTe “h

where ¢(g) is the dielectric constant of the material at wave-vector g, which we can assume

to be independent of ¢ (for small ¢). The main part of the Coulomb energy of the structure

per unit volume is given by its main harmonics and scales as «/|Q|* where « is roughly

proportional to the square of the charge modulation between the two phases A and B.
The minimum of the total energy

+ AB(Q)E (42)

= 1on

with respect to € is obtained for a certain orientation of the wave-vector modulation Q and
a certain length . The orientation of ¢} is entirely determined by the dispersion curves
of the phonons in the direction perpendicular to the chains. A priori, it is not necessarily
a simple direction of the crystal. The length of the wave-vector modulation is fixed to a
non-zerc and finite value, because of the Coulomb energy.

If the crossing energy between two interfaces AB and BA is positive, the above solution
with a single modulation wave-vector iooks appropriate. I this crossing energy is negative,
the minimization of the total energy would be better obtained by a microdomain structure
which is modulated in two directions with, for example, two symmetric wave-vectors. We
do not discuss this more complex situation.

In the regime of strong electron—phonon coupling, the first-order transition between
phases A and B becomes very sharp with very different electronic densities (for example, 0
and 1} even for a moderately small phonon dispersion. The interface energy esp becomes
relatively large compared io the Coulomb energy. The phase separation and the resulting
structure should appear with relatively large microdomains experimentally observable.

In the opposite case, when the system is close to the borderline of phase separation
in parameter space, the phases A and B become almost identical with nearby modulation
wave-vectors., The interface energy ¢4 g becomes small compared to the Coulomb parameter
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«. The phase separation should result as small microdomains with a size of a few unit cells
with thick interfaces AB and BA comparable with their relative distance. It then becomes
not quite appropriate to speak about a phase separation in that case. It is better to say that the
bipolaronic structures reordered as a new CDW with a wave-vector which is not 2&g, those
of the standard Peierls CDW. One could also perhaps better interpret the new CDW as a
perturbed Peierls CDW with a superstructure of advanced and delayed discommensurations
changing the initial periodicity.

6.2. Are the real CDW bipolaronic?

After almost two decades of intensive study, both experimentally and theoretically, the
standard Peierls-Frohlich theory and its improvements including the role of impurities, still
fail to yield a consistent interpretation of the whole set of observed features, in real quasi-
one-dimensional CDW. The eminent specialist P Monceau pointed out in the conclusion
of his review paper [31]: ‘The general properties of these states (CDW) are more or less
analysed ... However, in spite of all these efforts most of the fundamental questions remain
unsolved®.

Beside the fact that the existence of bipolaronic CDW is now well founded on a solid
theoretical basis, the bipolaronic theory of CDW is not yet developed enough for practical
predictions in real compounds. However, the richness of the new phenomenology, which
remains to be explored through a bipolaronic approach of real CDW, should motivate more
efforts to find new theories of the real CDW which could be more satisfactory than standard
Peierls—Frohlich theory. We cannot discuss now the whole set of experimental facts observed
in most (or all?) real CDW which are in disagreement with standard Peierls—Frohlich theory
and which could support a bipolaronic theory (with an electron—phonon coupling generally
in the intermediate regime). We mostly focus here on the specific problem concerning the
anomalous value observed for the wave-vector of the CDW in (TaSes)1.

Let us note, however, that although the concept of a bipolaron is easy to define in the
limit of large electron—-phonon coupling, this concept becomes physically useless. Indeed, in
that limit the bipolarons are nothing other than well localized chemical covalent bonds which
are strongly pinned to the structure up to the crystal melting temperature. Although in the
limit of a very large electron—phonon coupling the phase separation of CDW almost surely
occurs, the so-called resulting bipolaron ordering is nothing but the true crystal structure.

The physically interesting systems are those in the intermediate range of electron—
phonon coupling, where the bipolarons extend significantly beyond the single sites or bonds
and are weakly pinned to the lattice so that we can expect interesting phase transitions by
melting of the bipolaron structure (before the whole crystal). This situation does not o¢eur in
isotropic 3D systems because, in most cases, the bipolarons are necessarily well localized
and pinned to the lattice. There is a first-order transition between a strongly localized
bipolaron and the extended (non-localized) electrons. In fact, the bipolaron formation is
greatly favoured in quasi-1D systems or, more generally, when the Fermi surface has good
nesting properties. In the intermediate coupling regime, the bipolarons can exist while
relatively extended and weakly pinned to the lattice. Up to now, no bipoiaronic structures
have been experimentally recognized because, concerning their structural aspect, they could
be ecasily confused with Peierls—Frohlich CDW,

In the literature, the observed wave-vector of most CDW at 0K is generally found to be
consistent with the 2kr wave-vector, which can be expected from a knowledge of the band
filling. For example, blue bronze has been analysed in detail. We picked from [9] and [36],
the values of the parameters (bandwidth, band filling, Peierls gap and phonon dispersion
parameter) obtained either from real experiments or from band calculations, which have
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to be used in our model to describe this material. The parameters of blue bronze are
represented by an asterisk on figure 11. One notices the following two points.

{1) The ratic of the electronic gap (at 0K) to the bare bandwidth is larger than O.1,
which is the threshold of existence for the Pejerls—Frohlich CDW. As well as most other
real CDW where this parameter may be known, blue bronze is well inside the domain of
bipolaronic CDW far away from a Peierls-Frohklich CDW,

(ii) Although close to the bordetline, blue bronze is still in the region where there is no
phase separation.
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Figure 11. Phase diagram in the (2A /4T, ) plane. We choose the ratio of the Peierls gap 2A
with the bare bandwidth {(which is easier to estimate in real systems) instead of the dimensionless
electron-phonon coupling constant 4. The parameters of blue bronze are represented by the
symbol *.

This is in agreement with the fact that the observed 2kr vector of blue bronze agrees
with known band fillingt. This remark makes it hard to believe that blue bronze is indeed a
Peierls—Frélich CDW at O K. (Note, however, that a theory for the behaviour of bipolaronic
CDW as a function of temperature is missing, for a better understanding of the thermal
behaviour of blue bronze and other CDW.)

Up to now, only one system (TaSe,)s! {30] is known where the standard interpretation
for the observed value of the modulation wave-vector of the CDW poses a serious problem.
It is known that there are two free electrons for four Ta atoms per chain in the unit cell.
The 2kg CDW should have a period containing four Ta atoms along one chain, which
means that 2kr should be egual to ¢*. Because of this commensurability, the CDW should
appear in diffraction spectra at the spots of forbidden Bragg peaks {space group 1422).
In addition, this commensurate CDW should be pinned to the lattice and the material
should be a strong insulator. En fact, the observed value for the CDW wave-vector is guite
different. It is 0.085¢™ along the chain and there are also unusual transverse components

t Three electrons per cells are supposed to be shared between two almost equivalent electronic bands. The
wave-vectors of the two bands lock one with each other at the average wave-vector 3/45* [33).
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0.05a™ and 0.0556". Lorenzo and co-workers [30] suggested that an antiphase arrangement
due to Coulombic repulsion on adjacent chains lead to a CDW wave-vector at -a* + ¢*
(or £b* + ¢*), while some attempts of interpretation for the small deviation of the actual
CDW wave-vector, symmetry breaking between chains or lattice-mode interactions, have
been proposed (see references in [30]). Otherwise, neutron scattering experiments in this
compound exhibited neither any significant phonon softening nor any phason mode, but only
a quasi-elastic diffusion around the transition point, which supports the idea that this CDW
could be bipolaronic [29]. Concerning all the other experiments done, this compound shares
the typical properties of the other 1D CDW, for example the non-linear behaviour of charge
transport and the glassy behaviour observed through heat transport measurements [32].

If the CDW were commensurate, it could be viewed as an array of equidistant bipolarons
in each unit cell. This bipolaronic sequence could be labelled by the periodic coding
sequence {--- 000100010001 - - .} along the chain of tantalum (which contains four atoms
per unit cell). The occupied Ta sites are coded by 1 and the unoccupied sites by 0 (they
might not be sites but Ta~Ta bonds). We have no estimation of the elastic interactions
between the bipolarons which could be mediated by the 3D dispersion of the phonons
coupled to the conducting electrons of this materia). If we assume that these interactions
are large enough, we may find an explanation for the fact that a non-2kgp CDW structure
also resulting from the Coulomb forces can appear. Following the above arguments, we
should be in an intermediate regime for the electron—phonon coupling, the phase separation
of the CDW should not be sharp, i.e. the system is close to the boundary of the domain of
phase separation (see figure 11). One can expect that the Coulomb forces will maintain a
CDW in a configuration close to the standard 2kr configuration, but with some ‘alterations’.

We can make our idea more precise by a simple example {which does not presume
about the real bipolaron ordering in the CDW of (TaSe4)2I). One of the smallest alterations
that would change the CDW wave-vector into ¢*/12 = 0.0833¢* (close to the real
value (0.085) has a unit cell containing 12 unit cells of the underlying crystal coded as
{000100010001001000100010001000100010000100010001}. This structure is obtained by
a phase shift of the middle part of the superceil structure, which can be viewed as a
pair of advanced and delayed discommensurations. It can be also viewed as alternate
domains with commensurability 6/23 and 6/25, which makes 1/4 in average. This example
suggests that even a small alteration of the bipolaronic CDW is enough to change its wave-
vector to the observed value. In addition, it creates discommensurations that are more
mobile because their pinning ts much weaker than those of the commensurate CDW. These
discommensurations make the CDW more ‘plastic’ and allows it to carry a non-linear electric
supercurrent.

The convolution of such a sequence {o;} by a shape factor (13) extended over few unit
cells, vields the electronic density {0;}. A second convolution of the electronic density with
the lattice shape factor yields a lattice modulation which can become quite close to a sine
function, although the CDW is supposed to be bipolaronic. There are many other possible
arrangements of the bipolaronic structure in 3D, including incommensurate structures, In
the future it should perhaps be possible to determine experimentally (by very accurate x-ray
synchrotron experiments on the whole set of diffraction spots and their harmonics} both
these shape factors and the corresponding exact 3D bipolaronic distribution.

1 Recent experiments [35] have shown that doping (TaSeq)z] with isoelectronic impurities Nb substituted to Ta,
mduces important variations of the CDW wave-vector. Since the band filling is supposed to be unchanged by
doping, this result can be considered as experimental proof that the wave-vector of the CDW of (TaSe;)3! is not
2kp.
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In summary, we have proven on a specific 1D model that the dispersion of the phonon
branches involved in the formation of a CDW can induce phase separations at 0K for the
ground state of a 2k bipolaronic CDW, for a parameter range that is physically reasonable.
‘We have then shown that the Coulomb forces should reconstruct a new bipolaronic CDW,
with a wave-vector that could be quite different from 2kg. Finally, we suggested that
the unexpected wave-vector of the CDW of (TaSes)I could be explained on the basis of
the main idea supported by this paper, i.e. at large or even at moderate electron—phonon
coupling the bipolaronic CDW ordering not only results from the 2kg Peierls instability but
also on both the elastic and Coulomb forces which could favour another CDW ordering,
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